A piezo-magneto-elastically coupled distributed-parameter model of a bistable piezoelectric cantilever generator is developed by using the generalized Hamilton principle. The influence of the spacing between two adjacent magnets on the static bifurcation characteristics of the system is studied and the range of magnet spacing corresponding to the bistable states is obtained. Numerical and experimental studies are carried out to analyze the bifurcation, response characteristics, and their impact on the electrical output performance under varying external excitations. Results indicate that interwell limit cycle motion of the beam around the two centers corresponds to optimum power output; interwell chaotic motion and multiperiodic motion including intrawell oscillations are less effective. At a given frequency, the phenomena of symmetric-breaking and amplitude-phase modulation are observed with increase of base excitation. Both period-doubling bifurcation and intermittency routes to chaotic motion in the bistable system are found. It can be observed that the power output is not proportional to the excitation level because of the bifurcation behaviours.
Introduction
Wireless sensor networks have been widely used in many fields, such as environmental monitoring, military defence, and medicine, in view of their convenience of signal transmission. As we know sensor nodes are in large quantities and located dispersedly. However, traditional power sources such as batteries are far from perfect for sensor nodes on account of the limited life and regular recharging. Besides, the power consumption of wireless sensor nodes is decreasing with the development of the MEMS technique, which makes the selfpowered nodes possible [1] . Vibration energy is ubiquitous in ambient environments, and, therefore, collecting vibration energy from the environment and converting it to usable electric energy has drawn a considerable amount of attention. The typical transduction from ambient vibration to electricity may be electrostatic, electromagnetic, or piezoelectric. Among them, piezoelectric transduction is regarded as the most hopeful way for MEMS devices due to the merits of the simple structure, high-energy density, and long lifetime, free from contamination and electromagnetic interference, as well as being easy to integrate [2] .
Power generation of linear piezoelectric cantilever beams has been researched in many studies [3] [4] [5] [6] . In order to enhance the power output, the linear cantilever system is required to work under resonance. As we know, it hardly matches the wide bandwidth and varying frequency characters of the ambient environment. To overcome this deficiency, some possible strategies have been proposed to widen the operational frequency range of the system and then improve the overall generating efficiency. For instance, piezoelectric generator arrays with a wider equivalent bandwidth [7, 8] and frequency tunable energy harvesters [9, 10] were presented. However, it is difficult to synchronize all oscillators in the array to reach maximum power output and integrate it into MEMS in view of its large volume. For the frequency tunable energy harvester, the automatic tuning is hard to realize in practice.
Shock and Vibration
In recent years, some researchers try to widen the operational frequency bandwidth using nonlinearities. Burrow et al. [11] indicated that cubic nonlinearity caused by the hardening stiffness effect in the vibration energy harvesters can be beneficial for the enhancement of operation bandwidth. Mann and Sims [12] designed a monostable nonlinear electromagnetic power generation device and observed the coexisting solutions in responses. By triggering the system jump to higher energy attractor, it is possible to improve its power generation capacity. Stanton et al. [13] proposed a monostable piezoelectric power generation beam which could exhibit both softening and hardening characteristics by tuning the interaction force between two magnets, and thus it can widen the bandwidth and maximize the power output. Nevertheless, in the multisolution region, it is only advantageous when the system is attracted to high-energy solutions, which is often difficult to realize.
In 2009, Gammaitoni et al. [14] introduced bistable configuration into vibration power generation and studied the impact of magnet spacing on the displacement and power output of the bistable structure. In the same year, Erturk et al. [15] implemented the bistable model proposed by Moon and Holmes [16] for piezoelectric power generation. Their researches show that the system can exhibit large amplitude periodic and chaotic oscillations excited by sinusoidal inputs. Compared with linear systems, the bistable system improves two times in voltage output and eight times in power output. Besides, Arrieta et al. [17] conducted experimental study on frequency response of a bistable piezoelectric plate, and various large amplitude oscillations, such as chaotic and large amplitude limit cycle motions which can obtain high voltages, were observed. Ferrari et al. [18] compared the displacement response of a bistable with a linear piezoelectric cantilever under band-limited white noise and verified the results by experiments. Ramlan et al. [19] investigated a snap-through mechanism and a hardening mechanism for energy harvesting devices and analyzed the advantage of each mechanism. Stanton et al. [20] [21] [22] investigated the performance of a bistable energy harvester by numerical and experimental methods. In their study, the phenomena of multiattractor coexistence and symmetry breaking of pitchfork bifurcation were observed. Since then, periodic and chaotic responses of the bistable power generation system were analyzed by different methods, such as harmonic balance method and Melnikov theory. Lin and Alphenaar [23] claimed that the power output of a piezoelectric cantilever driven by random noise source can be enhanced by introducing a repulsive magnetic force. Sun and Cao [24] presented the modeling of a bistable piezoelectric generator and studied the response characteristics of the system. Tang et al. [25] investigated both monostable and bistable configurations of a nonlinear energy harvesting device subjected to harmonic and random excitations and pointed out that the optimal performance exists near the transition region. McInnes et al. [26] proposed a new approach to improve the performance of nonlinear energy harvester using stochastic resonance. Two reviews on the researches of bistable vibration energy harvesters have been published in recent two years [27, 28] .
The present studies indicate the potential of bistable power generators is having interwell oscillations in a wider low-frequency region. However, complex nonlinear dynamic behavior provides bigger challenges for the improving of the power generation performance and the designing of the conditioning circuit. Therefore, it is necessary to ascertain the system's dynamic bifurcation characteristic and its impact on the power generation and obtain the occurrence condition of high-energy orbits. In the present paper, the piezo-magnetoelastically coupled distributed-parameter model for a bistable piezoelectric cantilever generator (BPCG) is established by using the generalized Hamilton principle firstly. Based on the model, static bifurcation analysis is carried out to detect the magnet spacing range corresponding to the bistable state. Subsequently, numerical simulations and experimental validations are performed to illustrate the influence of some crucial parameters of the system on the nonlinear dynamic responses, the bifurcation characteristics, and the output performance.
Description and Modelling of the BPCG
In this section, piezo-magneto-elastically coupled model is derived for describing the behaviours of the BPCG. A simplified physical model is shown in Figure 1 . It is a nonlinear oscillator comprised of a base-excited piezoelectric cantilever with an adjustable magnetic force at the free end. The piezoelectric cantilever is an elastic beam with a piezoelectric patch bonded on the upper surface near the fixed-end of the cantilever. One permanent magnet is mounted at the tip of the beam, and the other magnet is mounted on the base at a distance of from . The two magnets are placed with opposite magnetization to provide repulsive force. The polarization direction of the piezoelectric ceramic is along direction 3. Physical coordinates are denoted by and .
The constitutive relationship of the elastic beam is
where 1 and 1 denote the mechanical stress and strain along direction 1, respectively, and 11 is the substrate stiffness coefficient. For the piezoelectric patch, the constitutive relationship with piezoelectric effect can be expressed as
where 3 and 3 are the electric field and displacement along direction 3, respectively, 11 is the elastic stiffness at zero electric field, 31 is the piezoelectric coefficient, and 33 represents the permittivity constant at zero strain.
Piezomagnetoelastic Model.
The cantilever oscillates transversely under base excitation, while the two magnets produce nonlinear repelling force. According to the Shock and Vibration generalized Hamilton variation principle, a piezomagnetoelastic system can be modelled as follows:
where is the system kinematic energy, is the potential energy, is the piezoelectric ceramic electrical energy, is the variation of external work, and is the variation of the repulsion energy, for which detailed expression is given in next section. Their expressions are given as follows:
where is the material density, is the volume, and subscripts and indicate the elastic beam (substrate) and the piezoelectric layer, respectively. ( , ) denotes the transverse displacement of the beam; 0 is the mass of the magnet, and the notation "⋅" indicates a time derivative. Assuming the beam's mass per unit length is ( ), and then the variation of external work can be written as
where is the scalar electrical potential and the quantity of electrical charge. Considering one mode of the beam and regarding the electrodes on the lower and upper surface of the piezoelectric layer as a single electrode pair, then we have the following expressions based upon Rayleigh-Ritz method, Euler-Bernoulli beam theory, and constant electrical field assumption of piezoelectric element: where ( ) represents the first modal of bending; ( ) is the modal coordinate of transverse vibration; V ( ) is the electrical potential distribution; V( ) is the generalized voltage modal coordinate; is the piezoelectric layer thickness, and the notation " " indicates the derivative with respect to . Figure 2 shows the interaction force of the two rectangular permanent magnets. Under the repelling force, permanent magnet , which is mounted at the free end of the beam, leaves its horizontal position with a displacement ( , ) and deflection angle = ( , ). The instantaneous distance vector between the mass centres of the two magnets can be expressed as
Magnetic Repulsion Energy Model.
Regarding the two magnets as point dipoles, both of the magnetic dipole moments are
where and are the magnified strength of permanent magnets and , and and are the volumes of two magnets, respectively. Magnetic field at generated by can be calculated by vector differentiation approach [20, 29] :
where 0 = 4 × 10 −7 is the permeability in vacuum and ∇ and ‖ ⋅ ‖ 2 are the vector gradient operator and Euclid norm, respectively. With these expressions, one can have the potential of the two magnets as follows:
Considering (6) and expanding (12) at = 0 using Taylor expansion, then one can have
where
Simplification and Nondimensionalization of Equations.
Substituting (4), (5), and (13) into (3), and considering (6)- (8), one can havë
where and are the modal mass and modal stiffness of the beam oscillator; and are the electromechanical coupling coefficient and capacitance of the piezoelectric element, and Γ is the external excitation coefficient. Moreover, it should be noted that mechanical damping is included by adding a viscous damping term:
Assume the base excitation as
where is the acceleration amplitude of the base and Ω is the excitation (angular) frequency in rad/s. Assume the electrical load as a pure resistance , and thus the voltage (15) can be rewritten as
where 1 = √ / and = /(2 1 ) is the damping ratio which is estimated according to [4] .
By introducing the dimensionless transformations: = / , = V/V , = 1 , and V = / , then (18) are expressed in a dimensionless and simplified form as
Shock and Vibration 5 (21) that when the structural and magnetic parameters are fixed, variation of the magnet spacing can lead to the change of stiffness 1 and stiffness 2 . The influence of the magnet spacing on the static bifurcation characteristics of the system can be investigated from energy perspective; the potential energy of the system under the short-circuit condition can be written as
In order to study the influence of , geometric parameters and material properties of the system are given in Table 1 and the key effective parameters of the mathematical model are listed in Table 2 . Figure 3 shows the relationship of 1 and 2 with respect to . It can be observed that both 1 and 2 decrease but at different rate with an increase of . Note that when = 14.22 mm and 1 = 1, the coefficient of linear stiffness in (19) is zero. The topological properties in phase space and the shape of the potential energy curve are all changed when crossing the critical value (Figure 3 ). In the case of > 14.22 mm and 1 < 1, the system has positive linear stiffness, and there is one well on the potential energy curve corresponding to the equilibrium at (0, 0, 0), the system is monostable; when < 14.22 mm and 1 > 1, the system has two potential wells and one potential barrier, which correspond to the two stable equilibriums (centres) at (±√( 1 − 1)/ 2 , 0, 0) and one unstable equilibrium (saddle point) at (0, 0, 0). The potential well depth is ( 1 − 1) 2 /4 2 . The above analysis shows that the supercritical pitchfork bifurcation occurs with the change of . Proper magnet spacing is the key factor for the bistability of the system. In the following sections, the dynamic response and power generation performance of the BPCG are investigated by numerical and experimental methods.
Numerical Simulations
The major objective of this section is to investigate the features of the dynamic response and voltage output of the BPCG by numerical simulations. Set = 13.5 mm, the system exhibits the bistable case, and the initial conditions are assumed to be ( (0),(0), (0) = (0.15, 0, 0)) (without specific notification, hereinafter the same initial values). Equations (19) and (20) are solved as the excitation frequency or amplitude is varied.
Effect of Excitation Frequency.
A bifurcation diagram of the BPCG, while fixing the excitation amplitude at = 2.5 ( = 9.8 m/s 2 , the gravitational acceleration) and increasing frequency ( = Ω /2 ), is showed in Figure 4 . It can be seen that the bistable system exhibits rich dynamics under base excitations. As the excitation frequency increases, chaotic and periodic motions occur interactively. The system responses can be categorized into intrawell and interwell motions, where interwell motion can be further classified as large amplitude limit cycle oscillations, chaotic motions, and large amplitude multiple periodic motions containing intrawell oscillation. In order to find out which form of the above-mentioned interwell motions can bring the optimal voltage output, we calculate the steady state electrical response by MATLAB simulation. With fixed excitation amplitude of 2.5 , Figure 5 gives the effective value of voltage output while increasing frequency from 5 Hz to 50 Hz at the interval of 1 Hz. Within the low frequency range, interwell motion dominates the response of the bistable system, which shows obvious larger power generated in the nonlinear system than in the linear system, and the large amplitude limit cycle motion corresponds to the optimal power output. In addition, effective values of output voltage increase with increasing excitation frequency. Compared with the large amplitude limit cycle motion, the voltage output is low when the system is chaotic or large amplitude multiple periodic (23.41 Hz∼31.59 Hz) ( Figure 5) . Moreover, the voltage output is independent of the excitation frequency. Taking the three typical interwell motions (large amplitude limit cycle oscillation and chaotic and period-5 motion) under = 2.5 as examples, Figure 6 gives the time and frequency domain responses of the displacement and voltage. It can be found that the system has optimal power output under interwell, large orbit oscillations around the three equilibrium points; period-5 motion contains intrawell and interwell motions, where the power output is obviously reduced; when the system response behaves chaotically, due to the intrinsic randomness of chaos, intrawell and interwell motions appear interactively, and thus the power output is also chaotic but the effective value is low. In short, with the same excitation amplitude, there exists a frequency range of the excitation, which is identified to be the optimal region of power output, corresponding to large amplitude limit cycle oscillations.
Effect of Excitation Amplitude. From Figures 6(a) and 6(c)
, it is observed that the phase trajectories of the periodic responses are symmetric. This can also be verified by (19) and (20) , where the form of equations remains invariant under the transformation of → − , → − , and → + ( / ). However, the symmetric property will disappear under certain conditions, as shown in Figure 7 , for = 12 Hz and = 2 . This is because under a fixed excitation frequency, the nonlinear frequency increases fast with increasing excitation amplitude. When the nonlinear frequency is close to 2 , the periodic solution includes both odd and even superharmonics, which results in the loss of symmetry, namely, symmetry-breaking bifurcation. If the excitation keeps unchanged, dual solutions appear for different initial conditions (Figures 7(a) and 7(b) ). The appearance of dual solutions is derivative from symmetrybreaking bifurcation [30] . The above analysis indicates that the asymmetry of periodic orbit discovered in this work is caused by the system nonlinearity, whereas the symmetrybreaking behaviour causing an imperfect pitchfork bifurcation described in [20] is attributed to the positional and angular offsets of the right-side magnet, which is quite different from the symmetry-breaking bifurcation mentioned here. The symmetry-breaking bifurcation usually precedes the period-doubling bifurcation. With a gradual increase of , a series of period-doubling bifurcations occur. Figures 7(c) and 7(d) show period-2 and period-4 motions, respectively. As reaches 2.1 , chaotic motion happens; Figure 8 (a) shows the phase portrait and Poincaré section corresponding to the chaotic motion, which has the maximum Lyapunov exponent of 0.0287 when the system is at steady state (Figure 8(b) ).
When is increased to 2.12 , the system response appears as irregular chaotic bursts in addition to the periodic behaviour, as shown in Figure 9 (a). As is further increased, chaotic burst becomes more frequent, as shown in Figure 9 (b), and finally the regular motion almost disappears and the system is fully chaotic (Figure 10 ). The results suggest that the system has another typical route to chaos, namely, intermittency.
The analysis indicates that there are two typical routes to chaos (periodic-doubling and intermittency) which occurred in the BPCG. Figure 11 depicts the bifurcation diagram with increasing for = 12 Hz, as an evidence of the coexistence of two routes to chaos. From the locally enlarged figure, one can find the discontinuity within the bifurcation region. This is because the symmetrical attractor will be replaced by two coexisting asymmetric attractors when symmetrybreaking bifurcation occurs [30] . In different initial conditions, the phase portraits of the dual solutions mirrored each other (see Figures 7(a) and 7(b) ). Similar phenomenon will happen when the excitation amplitude changes. Comparing Figures 12 with 7(a) , we can see that the amplitude-phasemodulation can be discovered with = 2 and 2.02 under the same initial condition. This can be further observed by the discontinuous jumping phenomenon in the bifurcation diagram (see Figure 11 (b) for an enlarged view). Accordingly, Figure 13 gives the changes of effective voltage output with respect to increase of the excitation amplitude. Power output is not always increasing with the increase of the input energy due to the bifurcation. It should be noted that, in the state of the period-doubling bifurcation and the beginning of intermittency, power output keeps higher due to the fact that interwell motion is dominated and does not change significantly. However, when the response becomes fully chaotic, the power output reduces remarkably.
Based upon the above analysis, when designing a BPCG, the optimal system output can be acquired by postponing the bifurcation occurrence, suppressing the chaotic motion and extending the frequency bandwidth of large amplitude periodic oscillations. Figure 14 with physical parameters listed in Table 1 is presented in Figure 14 (b). The experimental setup fixed on a vibration exciter consists of a base, a piezoelectric beam, two magnets, and a slide. The experimental apparatus mainly includes a vibration exciter (B&K Vibration Exciter Type 4808), a laser scanning vibrometer (Polytec PSV-400-3D), power amplifier (B&K2720), and a data acquisition system (TST5912). The experimental process is shown in Figure 15 . The excitation signal is produced by the internal signal generator of the Polytec scanning vibrometer and is transmitted through the power amplifier to the vibration exciter, so as to provide base excitation for the piezoelectric oscillator. As we know, the key factor related to power generation is relative motion response rather than absolute one. In order to acquire the relative displacement at the tip of the piezoelectric beam, we set the Polytec PSV-400-3D laser scanning vibrometer as three independent 1D modes (the junction box being PSV-E-40x-3D (1D)) and use two scanning heads of the laser scanning vibrometer to record the vibration responses for the tip mass (magnet ) and the base of the beam. The beam is connected in series with a resistive load, and the voltage across the resistance is measured by the data acquisition system. The magnet spacing can be adjusted by rotating the screw knob located on the right side of the setup, and the screw pitch is 1 mm. In the following experiments, the spacing of the two magnets was held constant at 13.5 mm.
Experimental Investigations

Experimental Setup and Procedures. The experimental layout is showed in
Experimental Results.
In the experiment, the amplitude of the base excitation can be set by adjusting the output voltage of the internal signal generator. We fix the excitation amplitude as 2.5 and measure the responses for both the bistable system and linear system ( = ∞) when gradually increasing the excitation frequency. The effective values of the output voltages with varying frequency are given in Table 3 . Comparison implies that the generation performance of the bistable system is obviously superior to the linear system in the low-frequency region. From the detailed analysis, the interwell oscillation corresponds to the optimal power output, the chaotic motion is less effective, and the intrawell oscillation is the worst. The results are in good agreement with the numerical ones. Figures 16 and 17 , respectively, illustrate the phase plot, frequency spectrum, and output voltage time series of the typical responses of the bistable system for different excitation frequencies. For = 15 Hz the response is periodic with large amplitude, while for = 25 Hz the response is chaotic.
To verify the results of numerical simulations in the previous section, the experiments were carried out for increasing excitation amplitude at = 12 Hz. The asymmetric period-1 oscillation (Figure 18(a) ), period-4 oscillation (Figure 18(b) ), and the intermittent chaos (Figure 19(a) ) are all observed as is gradually increased. Then, a further increase in leads to a chaotic movement, as shown in Figure 19(b) . Since the full period-doubling cascade corresponds to a little range of excitation amplitude, it is difficult to observe the series of period-doubling bifurcation and transition to chaos by adjusting the output of signal generator manually. However, it is possible to observe the qualitative trend of both period-doubling and intermittency routes leading to chaos by increasing the excitation amplitude, which agrees well with the numerical analysis. Figure 20 presents the output voltage time series corresponding to the four cases of Figures 18 and 19 . It is seen that the power output is not proportional to the excitation level due to the bifurcation behaviours; it does not reduce obviously when the system undergoes a sequence of period-doubling bifurcations and the beginning of intermittency, whereas the power output decreases significantly when the response turns into chaotic.
The experimental results take a good agreement with the numerical simulations qualitatively, indicating that the distributed-parameter model can reflect the real nonlinearity and power generation law in the bistable system. In the meantime, modelling assumptions and inevitable imperfections in the experiments yield certain quantitative differences from the numerical results.
Conclusions and Discussion
Based on the proposed piezomagnetoelastic distributedparameter model of a bistable piezoelectric power generator (BPCG), both numerical and experimental studies are performed to study the dynamic responses, the bifurcation characteristics, especially the features of transition to chaos, and electricity generation performance of the BPCG. Under certain excitation frequency, with increase of excitation amplitude, several complex nonlinear dynamic behaviors are discovered in the BPCG, which include the phase-amplitudemodulation, symmetric-breaking bifurcation, coexistence of period-doubling bifurcation, and intermittency to chaos. The large amplitude limit cycle oscillation in the bistable system corresponds to the most power generation. Chaos and interwell multiperiod motion containing intrawell oscillations have lower power output. The power generation is not assured to increase with the increasing of input energy due to the presence of bifurcation. During the sequence of periodicdoubling bifurcations and the beginning of intermittency, power generation keeps at a higher level and does not change significantly. However, when the system goes into chaos, power output reduces obviously. The conclusions obtained in the paper are helpful to select the effective motions and the range of parameters for maximum power generation performance. Future work will incorporate the structural geometry nonlinear and damping nonlinear into the modeling to moderate the quantitative error between the simulation and experimental results. The effects of higher order vibration modes on the system response need further study as well. The work presented in this paper tries to explore further potentials of nonlinear energy generator at a wider low-frequency region and reveal the complicated dynamical behaviors of the proposed multiphysical field coupled system. 
